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I. Introduction 
The instability of the equilibrium formed when a heavy fluid 
is supported through hydrostatic pressure by a light fluid charac- 
terizes a variety of physical situations. Hence, this Rayleigh- 
Taylor type of instability appears in the literature of not only 
hydrodynamics") , but in that o f  hydromagnetics(*) , plasma dynamics (3 )  
and electrohydrodynamics ( 4 )  as well. In this work, the instability 
is often found to have disastrous effects. The obvious example is 
the instability of magnetic containment schemes. An analogous but 
even more severe problem exists with equilibria, which use electric 
fields to levitate, confine or orient liquids (which can be of 
arbitrary conductivity). This problem is the motivation for the 
work presented in the following sections, which first theoretically 
and experimentally explores the details of a potentially unstable 
electrohydrodynamic equilibrium, and then shows how external active 
circuits can be coupled to the continuum to provide a feedback, 
which stabilizes what would otherwise be an unstable situation. 
The case considered offers the opportunity to make a careful com- 
parison of theory and experiment. 
Fluids form a plane interface of radius R ,  as shown in Figure 1. 
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They are confined by r i g i d  w a l l s  from above and below and a t  the  
r ad ius  R.  The i n t e r f a c e  has a sur face  tens ion  T ,  and i s  a t t ached  
t o  the sharp edge of t he  w a l l  a t  r = R. Now, i f  t he  dens i ty  pu 
of t he  upper f l u i d  i s  g r e a t e r  than the  dens i ty  p 
f l u i d ,  t he  top-heavy equi l ibr ium may be uns tab le  because of t he  
of t he  lower a 
g r a v i t a t i o n a l  a c c e l e r a t i o n  g. The c l a s s i c  experiment of Duprez (5) 
w a s  devoted t o  determining the s t a b i l i z i n g  e f f e c t  of t he  a t tached  
i n t e r f a c e .  
t he  a t tached  i n t e r f a c e  must be included t o  understand the  effects  
of concern here .  
Both t h e  con t inu i ty  requirements of t he  r i g i d  w a l l s  and 
It i s  assumed t h a t  the  lower f l u i d  i s  h ighly  conducting ( f o r  
example, water) while t he  upper f l u i d  i s  i n s u l a t i n g  ( a i r  o r  o i l ) .  
Then a p o t e n t i a l  d i f f e rence  i s  appl ied between the  i n t e r f a c e  and 
the  upper e l ec t rode .  The r e s u l t i n g  dynamics have been s tud ied  f o r  
, and with simple e f f e c t s  from boun- the  unbounded i n t e r f a c e  
dar ies") .  The p o t e n t i a l  V tends t o  produce an  uns tab le  e q u i l i -  
brium. Hence, i f  t he  equi l ibr ium is  uns tab le  t o  begin wi th ,  the  
a d d i t i o n  of t h e  p o t e n t i a l  only makes matters  worse. However, an 
a d d i t i o n a l  p o t e n t i a l  v ( r , e , t )  may be appl ied  over t he  sur face  of 
t h e  e l e c t r o d e ,  and t h i s  p o t e n t i a l  made propor t iona l  t o  i n t e r f a c e  
d e f l e c t i o n s .  Then, an upward de f l ec t ion  of the  i n t e r f a c e  i s  a t tended 
by a decrease ,  r a t h e r  than an increase i n  the  e l e c t r i c  sur face  
t r a c t i o n ,  and the  e l e c t r i c  f i e l d  has the  e f f e c t  of s t a b i l i z i n g  
t h e  equi l ibr ium. I n  p r a c t i c e ,  it may i n  a d d i t i o n  support  the  
f h i d .  
(6,7,8) 
The c o n t r o l  of a continuum requ i r e s  a feedback, which i s  
dependent on both space and time. P r a c t i c a l l y ,  the i n t e r f a c e  
d e f l e c t i o n s  can only be spac ia l ly  sampled, and a f i n i t e  number 
of sensing s i g n a l s  used t o  approximate the  p o t e n t i a l  v ( r , @ , t ) .  
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This i s  the  e s s e n t i a l  l i m i t a t i o n  on the  use of feedback i n  sta- 
b i l i z i n g  cont inua,  and has been t h e  sub jec t  of previous work reiat-  
ing t o  electromechanical i n s t a b i l i t y ,  (loyll) as wel l  as t o  the  
con t ro l  of chemical ( I 2 ’ l 3 )  and nuc lear  ( I 4 )  r e a c t o r s .  
In  Sect ion 11, a simple model i s  der ived t o  account f o r  e f f e c t s  
from the  boundary condi t ions and the  e l e c t r i c  f i e l d .  The normal 
modes of t he  i n t e r f a c e ,  with the e l ec t rode  a t  a cons tan t  p o t e n t i a l  
V a r e  descr ibed i n  Sect ion 111, toge ther  with experiments concern- 
ing the  eigenfrequencies ,  eigenmodes and condi t ions f o r  i n s t a b i l i t y .  
These modes a r e  then used i n  Section I V  t o  include the  e f f e c t  of 
a feedback derived by averaging the  i n t e r f a c e  d e f l e c t i o n s  over 
four  s ec t ions  of the  sur face  and feeding back propor t iona te  ampli- 
f i e d  s i g n a l s  t o  four  segmented e l ec t rodes  above the  i n t e r f a c e .  
The modal theory i s  e a s i l y  adapted t o  o the r  feedback schemes, 
while t he  experimental apparatus used t o  sense the  d e f l e c t i o n s  and 
produce the  feedback s i g n a l s  meets t he  requirements f o r  more prac- 
t i c a l  s i t u a t i o n s .  
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11. Equation of Motion 
The electromechanical interaction occurs only at the inter- 
face, and hence, we can write the bulk equations for the fluid 
as Y 
.- 
n S + vp = - p s i ,  
I- dt 
v a s  = 0 
i l i  
where and p are the fluid velocity and pressure respectively 
and g is the gravitational acceleration. We have dropped terms 
from Equation (1) not consistent with a linearized analysis. 
The essence of the long-wave model is in the statements that 
the fluid velocities transverse to the z axis are independent of 
z and that the fluid acceleration in the z direction can be 
ignored to make the pressure essentially hydrostatic in its z 
dependence. 
p = -pgz + F(r,€l,t) ( 3 )  
The conservation of mass condition (Equation 2) is then used to 
compute the z velocity. 
are distinguished by recognizing that in the upper fluid, 
vz(ry€l,u,t) = 0 while in the lower fluid vz(r,€l,-i?,t) = 0 .  
Solutions above and below the interface 
U l Hence, 
U -U 
Z 
v ,= -(z-u)v.v 
P, - e  v = -(ii+P,)v*v z 
( 4 )  
-U -P, where V, v and v only depend on (r,€l,t) 
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The divergence of t he  d i f f e rence  between Equation (1) 
evaluated above and below the i n t e r f a c e  is 
- v . ( p v  a u-u - p v ) + v ( T T  e-  e 2 u  - 7 J ) = O  e 
a t  (5) 
U e This manipulation is  performed because the  d i f f e rence  TT - TT i s  
determined by the  boundary condi t ion t h a t  the  i n t e r f a c e  be i n  
force  equi l ibr ium,  i . e .  
where T i s  t h e  su r face  tens ion  and E i s  the  p e r m i t t i v i t y  of t he  
upper f l u i d .  Equation (6)  r equ i r e s  t h a t  t he  d i f f e rence  between 
t h e  f l u i d  pressure  above and below the  i n t e r f a c e  i s  due t o  curva- 
t u r e  e f f e c t s  from the  su r face  tension and due t o  the  e lectr ic  
tract  ion.  
U e 
The su r face  v e l o c i t y  aE/at = vz(z  = 0) = v 
s u b s t i t u t i o n  from Equations (4) i n t o  the  f i r s t  term of Equation 
(5), t oge the r  with a s u b s t i t u t i o n  f o r  TT 
(6 )  ) in t he  second term of Equation (5) g ives  
(z  = 0 ) .  
- TJ' (given by Equation 
Hence, 
z 
U 
at '  uLT 
where we have defined the  parameters, 
U P, 
q = ( * + ? ) I T  
(7) 
4 
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This i s  t h e  requi red  equation of motion. I f  t h e  p o t e n t i a l  v on 
t h e  upper e l ec t rode  i s  independent of space and time, Equatior; (?> 
provides a desc r ip t ion  of the long-wave motions of t he  i n t e r f a c e ,  
with t h e  e f f e c t s  of g r a v i t y  and quiescent  e l e c t r i c  f i e l d  ( G ) ,  as 
w e l l  as sur face  tens ion ,  included. Feedback t o  the  upper e l ec t rode  
w i l l  be a r a t h e r  complicated function of the  su r face  d e f l e c t i o n  6,. 
To understand motions of the Laterfaze Lr; t k  ~ - C - . I P P  r - - --- - nf feedback. 
it i s  f i r s t  necessary t o  form a complete p i c t u r e  of the  open loop" 
dynamics. 
without feedback, and t h e  r e s u l t s  of t h a t  sec t ion  are then used i n  
Sect ion IV where the  feedback problem is  undertaken. 
I 1  
Hence, Sect ion 111 i s  devoted t o  the  electrohydrodynamics 
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1II.Electrohydrodynamics Without Feedback 
A. Einenmodes 
There is little work in the classical literature that con- 
siders the dynamics of fluids with free surfaces confined in 
three dimensions with the effect of surface tension included. 
Experiments, such as that of Dupre~'~), that demonstrate the effect 
of boundaries on the conditions for impending Rayleigh-Taylor insca- 
bility, intrinsically depend on the "static" nature of the insta- 
bility. That is, the analysis assumes that instability does not 
depend on inertial effects, and experiments as well as theories, 
which ignore the transverse boundaries support this conjecture. 
As will be shown here, this is fortuitous, in that such a procedure 
ignores a class of modes which can be unstable. 
cal effects are extremely important if the eigenmodes are to be 
understood under any conditions other than those for impending 
instability. In the presence of an active boundary, the system 
is likely to be overstable, and dynamical considerations are essen- 
tial. 
Moreover, dynami- 
The ordinary gravity-wave resonator can be understood by sim- 
ply superimposing solutions which are periodic in space, to satisfy 
boundary conditions. This is an adequate procedure when there is 
only one pair of boundary conditions to be satisfied. Additional 
boundary conditions arise when a fluid resonator has sufficiently 
small dimensions to make the effect of surface tension significant. 
In the experiments described here, the surface tension fixes the 
surface at r = R, where a rigid wall also requires that the radial 
velocity be zero. 
for some modes at the point of impending instability, if the prin- 
ciple of exchange of stabilities holds. Here, this principle is 
not appropriate, and hence one boundary condition is 
It is this second condition which can be ignored 
I t 
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[e) = 0 
r = R  
while, from the radial component of Equation (5) (before the 
divergence is taken) and from Equation ( 6 ) ,  the condition that 
vr(r = R) = 0 can be written 
a p ’ - G ) e  - -  br Tu r=R 
( 9 )  
With G = 0 and v = 0, Equation (7) has the same form as 
found in analyzing transverse vibrations of a thin plate. (I5) 
second order term introduced with G complicates matters somewhat, 
but more important, boundary conditions (8) and ( 9 )  do not lead 
to modes which satisfy the usual orthogonality conditions. 
The 
A 
Solutions have the form 4 = Re e(r) exp 3 (cut-&), where 
it follows from Equation (7) that (for v = 0), 
a 2 2 1  m (V s; DrD - - 2 )  ; D E -  r dr 
with a and B related to the frequency LD by 
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Hence, the four solutions are a superposition of the pairs of 
solutions provided by the Bessel’s equations tri brackets ( F l q l ~ t i n n  
10). One of each of these pairs of solutions is singular at the 
origin, and hence the required solution is 
where the linear combination is taken to satisfy Equation (8). 
To satisfy the condition of Equation (9) (with v = 0) ,  a and B are 
related by the eigenvalue equation 
which has been simplified by using Equations (10) and (11). 
Equation (11) shows that in addition urn and Bm are related by 
2 2 ( a  mn R ) 2  = GR + (f3 m R) 
Equations ( 1 3 )  and (14) may be solved for the eigenvalues Bmn, and 
a normalized eigenfrequency squaredf12 = u) qR 2 4  is then given by 
R2 mn = (P mn R ) 2  [ (t? mn R ) 2  + GR2] 
These eigenfrequencies (m,n) are shown as a function of 
GR in Figure 2 .  The lowest radial mode is given when n = 1. The 
parameter GR 
2 
2 can be varied by changing the quiescent electric 
. 
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field V/u. 
2 face and I?C) electric field, GR will be positive. Then raising 
the electric field reduces GR , and from Figure 2, reduces each 
of the eigenfrequencies. Eventually, each of the eigenfrequencies 
squared becomes negative, and the mode becomes unstable. The 
(1,l) mode is the first to become unstable. 
For example, with the heavier fluid below the inter- 
2 
-. rnysica'r'ry, largo p ~ s i . t i v e  vzlcres nf GR2 imply that the effect 
of the gravitational field on the dynamics is much greater than 
that of the surface tension. In the limit where GR -+-, aR-W 
and Equation (13) reduces to J'(B R) = 0. Except in a region 
very near the edge (r = R ) ,  the eigenfunctions are essentially 
Bessel's functions of real argument, with zero slope at r = R. 
This is the situation of a gravity wave resonator with a sur- 
face tension boundary layer'' near the walls. The (1,l) eigenmode 
is shown in Figure 3.  As GR is reduced, the point of zero slope 
on the lowest eigenfunction (shown in Figure 3 ) ,  moves inward 
from the resonator boundaries but remains skewed somewhat to the 
outside of the half-radius. Instability impends when GR is 
sufficiently negative to make cu = 0, or when (uR)---r 0 and 
(BR) 
reduces to Jm(BmR) = 0 and the eigenfunctions are Bessel's func- 
tions having zeros at r = R. 
2 
m m n  
(16)  
II 
2 
2 
2 
2 GR2 (Equations 11). Then Equation (13) (for modes m P 0) 
2 2 2 The cases where G R - m ,  GR > 0 and GR ( 0  
(impending instability) are compared in Figure 3. 
The m = 0 modes differ from the others because they do not 
automatically satisfy the condition that the total mass within 
the resonator be conserved. A t  low values of GR (even the point 
of impending instability) both boundary conditions influence the 
modes. This accounts for the peculiar appearance of the m = 0 
2 
eigenfrequency shown in Figure 2 .  
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2 
by the rigid wall at r = R oii the radisl  velocity is essential, 
with the effect of the attached interface insignificant, By con- 
trast, at the point of impending instability the attached inter- 
face imposes the significant condition and the rigid wall at r = R 
is unimportant, unless m = 0. This is why only the former boundary 
---= I.A m - a i d ~ ~ ~ I  in predicting the usual forms of conariiuii L I c G u  yL ---.-.---- 
Rayleigh-Taylor instability (where the principle of exchange of 
stabilities is valid), so long as the first mode to become unsta- 
In the extreme of large GR , the boundary condition imposed 
. 
.. 
ble happens to be with m # 0. 
The modes described here will be used in Section IV to expand 
the potential v(r,0,t). There it will be convenient to use modes 
v (r), defined so that mn 
It follows from Equation (10) that 
where, from Equation (16) 
The second boundary condition follows from Equations ( 9 ) ,  (16), 
and (17), since 
-12- 
or 
A 
This boundary condition also insures that the functions 4 mn 
satisfy the boundary condition ( 9 )  even when v = v(r,0,t), so 
long as v is represented by a summation of the modes ? 
mn 
. mn 
In the appendix, it is shown that these modes $ satisfy the 
orthogonality condition. 
2A m-v v mn mp 
r 
r(& DG. + 2 E mn mp 
which is more complicated than u s u a l  because the boundary conditions 
do not appear in the usual convenient combination. (17) 
B. Experiments 
Before introducing the complication of feedback, the physical 
significance of the electrohydrodynamic model is explored experi- 
mentally. The long-wave model depends for its validity on there 
being surface deflections with "wave-lengths" long compared to 
tne depthst and u. For t h i s  r c a s m ,  the e igenm-des  become more 
and more subject to question as the mode numbers are increased. 
Fortunately, it is the lowest mode (1,l) which is most critical 
in terms of instability, and hence, is of most concern. 
11 
~ 
The eigenfrequency n appears as the lowest resonant fre- 
quency, when the fluid resonator is subjected to vibrations in 
the plane of the interface. In this experiment, the surface deflec 
tions are measured with a capacitance probe positioned just above 
the interface. The probe uses a 72 mcieEuned circuit in the same 
way as will be described for feedback sensing purposes in the 
-13- 
next section. However, here the probe surface is circular and is 
of radius 0.15~. T!~_is makes it possible to both vary the vibra- 
tion frequency to find the maximum deflection frequencies (eigen- 
frequencies), and to measure the spacial dependence of the indivi- 
dual modes. 
The eigenfrequency of the lowest mode is shown as a function 
2 2 of GK in Figure 4 .  
and the resulting data can be compared to the plot of theoretical 
frequencies (predicted in Section IIIA). As expected, the higher 
eigenfrequencies are predicted with increasing inaccuracy. Experi- 
mental and theoretical eigenfrequencies are compared (with no 
applied voltage) in Table I for the resonator used to obtain the 
frequency shifts of Figure 4. 
U--r\ tho vcltigp was raised to decrease GR 
- - -  
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The capaci tance probe makes it poss ib l e  t o  map the  i n t e r f a c e  
d e f l e c t i o n s  and i d e n t i f y  the e b g e m n d e s -  
t h e  (1 , l )  mode i s  compared t o  the  t h e o r e t i c a l  eigenmode i n  Figure 5.  
The probe measures a d e f l e c t i o n  averaged over t he  r e l a t i v e  length  
shown i n  t h i s  f i g u r e .  
The r a d i a l  v a r i a t i o n  of 
The condi t ions f o r  i n s t a b i l i t y  have been measured f o r  the  
. The e f f e c t  of t he  boundaries can be Fc f inF te  i n t e r f a c e .  (6 ,7 ,8)  
included a t  the  po in t  of impending i n s t a b i l i t y  without recourse t o  
t h e  long-wave model, i f  (as pointed out  i n  Sect ion IIIA) the  i n t e r -  
face  is  assumed t o  a t t a c h  t o  the  edges and those modes which are 
a f f e c t e d  by conservat ion of m a s s  a r e  ignored. For example, a square 
resonator  w i l l  be uns tab le  f o r  V l a r g e r  than ( 9 )  
V = 19 [(ku) 2 + ( $ ) ] / (ku)  coth(ku) 
where k i s  allowed t o  be 
2 
k = TT i n 2  + m /L,n = 1 , 2 , 3  . . . ,  m = 2 , 4 , 6  . . .  
and has  t h a t  value i n  Equation (22) which g ives  the  least  vol tage  
V f o r  i n s t a b i l i t y .  
The vol tage  f o r  i n s t a b i l i t y ,  as a funct ion of i n t e r f a c e -  
e l e c t r o d e  spacing u ,  i s  shown i n  Figure 6 .  Here, the i i q u i d  i s  Water, 
and su l fu rhexa f lou r ide  (a gas.) is  used t o  prevent e l e c t r i c a l  break- 
down. It  i s  c l e a r  from the data  and the  t h e o r e t i c a l  curves pred ic ted  
by Equation (22)  t h a t  t he  boundaries have a s i g n i f i c a n t  e f f e c t  o f  
t h e  condi t ions  f o r  i n s t a b i l i t y .  
1 
I .  
I '  
, 
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I 
I V .  Electrohydrodynamics With Feedback 
c 
The p o t e n t i a l  v ( r , Q , t )  is now used t o  produce a s t a b i l i z i n g  
feedback force on the  i n t e r f a c e .  The experiment i s  as'shown i n  
Figure 7 ,  where the  upper e l ec t rode  i s  shown segmented i n t o  four  
equi-area p i e s .  Each p i e  i s  connected t o  a feedback loop,  as shown. 
The capaci tance between a given e l ec t rode  and t h e  i n t e r f a c e  i s  p a r t  
of a tank c i r c u i t  i s o l a t e d  by a capac i to r  and tuned near  resuriaiice 
f o r  a 72 Mc/sec d r iv ing  s i g n a l .  Hence, the  s p a c i a l  average (over 
one p i e )  of t he  i n t e r f a c e  de f l ec t ion  s h i f t s  t h e  resonant  frequency, 
with a propor t iona te  change i n  the  opera t ing  po in t  of t h e  tube.  
As a r e s u l t ,  a demodulated s igna l  propor t iona l  t o  the  average de f l ec -  
t i o n  of the  i n t e r f a c e  appears across  the  cathode r e s i s t o r .  This 
7 s i g n a l  i s  amplif ied ( t o  lo5 - 10 
pass f i l t e r  t o  the  segment which o r ig ina t ed  the  s i g n a l .  Each 
segment has  a sepa ra t e  feedback loop,  with the  carrier frequencies  
f o r  t he  sensing c i r c u i t s  d i f f e r i n g  by about 1 Mc/sec t o  insure 
i s o l a t i o n  between loops.  
\ 
V/m) and fed back through a low 
d 
! 
, 
-16- 
The eigenmodes developed i n  Sect ion IIIA, and experimentally 
s tud ied  i n  Sect ion I I I B ,  a r e  coupled by the  feedback, with a r e s u l t -  
ing s h i f t  i n  t he  eigenfrequencies.  
coupling t o  the  active boundary a t  z = u,  w i l l  be approximated by 
The new eigenmodes, with 
( 2 4 )  - -e P 9 0 -  A 6 ! , = R e I Z  4 ( r )  ( - j u t   s i n  m9 f - cos mQ)e mn  mn m=O n = l  mn 
A 
where 4,(r) i s  given by Equation (12 ) .  
Since each term i n  the  expansion of the  coupled eigenmode 
must s a t i s f y  Equation ( 7 )  and t h e  boundary condi t ions  of Equations 
(8) and ( 9 ) ,  t h e  e l ec t rode  p o t e n t i a l  is  expanded as 
jcut m a l  0 v = R e  C C v^  (r)( V s i n  m e  + Ve cos mQ)e 
Inn mn mn 
(25) 
m=O n = l  
h h 
where t h e  modes v a r e  r e l a t e d  t o  4, by Equation (16) and are mn 
~ 
as can be v a r i f i e d  by using the d i f f e r e n t i a l  equations (10) a a t i s -  
f i e d  by J ( j n  r )  and J (B r ) .  The modes Gm a r e  orthogonal i n  
t h e  sense  of Equation ( 2 1 ) ,  and because they s a t i s f y  Equation (20),  
they may be used t o  expand v ( r , Q , t )  without v i o l a t i n g  Equation (9) 
m m n  m m n  
A 
as a boundary condi t ion on the  modes 4 . mn 
Because the  feedback vol tage on t h e  i ' t h  e l ec t rode  i s  pro- 
p o r t i o n a l  t o  the  spacial average of the  su r face  d e f l e c t i o n  below 
the  i ' t h  e l e c t r o d e ,  
p p / 2  
v,(t) = 7 4A j O j  ErdrdQ 
(i-I.)7r/2 TR 
Here, i t  is assumed t h a t  t he re  a r e  four  e l ec t rode  segments, 
arranged as shown i n  Figure 8, with 8 = 0 between two of t he  
segments. The average de f l ec t ion  i s  amplif ied by the  ga in  A ,  
\ 
~ 
which w i l l  be taken as independent of frequency. 
The s u b s t i t u t i o n  of 4 (Equation(24)),  i n t o  Equation (27) gives  
vi(t) = Revie * jut  
where 
0 
A v = -  
i T PO n = l  mn 2 -I 2 
11 [ s i n  - s i n  mr(i-1) 2 2 - mn 
and(x = r/R) 
1 
P 
h 
a mn = \ xtm(x)dx 
These e l e c t r o h  p o t e n t i a l s  determine the  p o t e n t i a l  amplitudes V:n 
-18- 
A .. - -  
and Ve of Equation (25) i n  terms of the  d e f l e c t i o n  amplitudes - 
m- mn  
4 
- . Here, t he  i n t e g r a l  condi t ion of Equation (21) i s  u s e f u l .   
mn 
) (D; )rD 
PS f in pe 
That i s ,  i f  Equation (25) i s  operated on f i r s t  by 
cos pe 
2 s i n  p8 A m. and the  s u m  i s  taken of the r e s u l t -  
r (  nnn no ) v p s 2  r 
and then by 
bUU y v  
ing equat ions,  followed by an in t eg ra t ion  over the  e l ec t rode  su r -  
f ace ,  the,  o r thogonal i ty  condition of Equation (21) reduces the 
r e s u l t i n g  expression t o ,  
A 
4 cos p ( i - 1 ) r  - cos pi-rr 
s i n  pi-rr 
vi -3 2 
f 
_. 
2 - s i n  2 
where (x = r/R) 
1 
f = ( < PS PS (x) dx 
Now, the  v!s have been found as a funct ion of t he  amplitudes - 
1 -mn  
(Equation (28))and hence, Equation (29) shows the  e f f e c t  of the  
d e f l e c t i o n  modes on t h e  e l ec t rode  p o t e n t i a l  modes. The equation 
of motion (Equation 7) provides the  inve r se  e f f e c t  of the e l e c -  
t rode  modes on the  d e f l e c t i o n  modes. Subs t i t u t ion  of Equations (24) 
and (25) i n t o  Equation ( 7 )  shows t h a t  
-19- 
where the m l s  are the eigenfrequencies without feedback (Sec- 
tion 111) and 1-1 is the eigenfrequency w i t h  L'eedback. Yith feed- 
back, Equations ( 3 0 )  and (29) (written using $ 
must be simultaneously satisfied. Hence, substitution for Vo and 
Ve in Equation (30 )  gives 
from Equation (28) ) i 
mn 
mn 
where 
2 ~ E V A R  
2 U T  
M =  
4 r  imF pT (i- I)] Kp=)3 i=l 1 2 2 2 2 sin -- s i n  
-20- 
I t  is c l e a r  from Equation 3 1  t h a t  i n  the absence of feed- 
7 
i nd iv idua l ly  r ep resen t  s o l u t i o n s  mn back (M = 0) t h e  amplitudes 2
having f r e q u e n c i e s n = n  mn but  t h a t  with feedback these  ampli- 
tudes are coupled and t h e  frequencies are the re fo re  changed. To 
c a l c u l a t e  t h e  coupled frequencies ,  t h e  su r face  de f l ec t ions  are 
approximated by a f i n i t e  number o f  amplitudes i . e .  p = O , L , Z  . . .  i, 
q = 1,2 3 . .  . j .  Then.Equation (31)  can be w r i t t e n  f o r  m = 0 ,  1.. . i ,  
n = 1 2 , * . . j  and th i s  g ives  j x i  equat ions which are homogeneous - 
s The compat ib i l i ty  of t hese  equat ions i s  a poly- 8 i n  t h e  -  mn 
nomial i n  n2, and hence can be solved f o r  t he  eigenfrequencies .  
Most of t he  s p a c i a l  va r i a t ion  introduced by the  feedback 
occurs i n  the  azimuthal d i r e c t i o n ,  so  t h a t  more azimuthal than 
r a d i a l  modes are requi red  t o  adequately desc r ibe  t h e  dynamics. ( 1 9 )  
In t h e  work which fol lows,  t h e  f i r s t  s i x  (odd and even) azimuthal 
modes and t h e  f i r s t  two r a d i a l  modes are considered.  For the 
four  segment s i t u a t i o n  considered h e r e ,  the  m = 0 mode is  not  
r ev i sed  by t h e  feedback (aon = 0)  and t h e r e f o r e ,  only the  n = 1 
r a d i a l  mbdes are involved i n  the coupling. 
- 2 1 -  
The eigenfrequencies  are shown i n  Figure 9 ,  as a func t ion  of 
GR 2 , i n  t he  case where t h e  feedback ga in  A i s  such t h a t  M = 10 3 . 
These frequencies  can be compared t o  those shown i n  Figure 2 ,  
where the  feedback gain A = 0.  
remains uneffected.  The e s s e n t i a l  consequence of t he  feedback i s  
an increase  i n  the  frequency of t h e  ( 1 , l )  mode, so  t h a t  t h e  poin t  
A s  a l ready  observed t h e  ( 0 , l )  mode 
of impending i n s t a b i l i t y  (as the vo l t age  is r a i s e d  so t h a t  GR 2 i s  
made more negat ive)  i s  determined by the  ( 0 , l )  mode r a t h e r  than the  
( 1 , l )  mode. A t  lesser values  of M ,  t he  value of GR 2 wherefl--tO i s  
s h i f t e d  t o  the  l e f t ,  but no t  so  f a r  as shown i n  F igure  9 .  
the condi t ions  f o r  s t a b i l i t y  of a l l  modes can be represented  as 
shown i n  Figure 10. 
occurs i n  the  coupled ( 1 , l )  and (1 ,3)  modes. In t h i s  case the  
vol tage  f o r  i n s t a b i l i t y  can be increased (GR decreased) by increa-  
s ing  t h e  ga in .  F i n a l l y ,  the ( 0 , l )  mode i s  the  f i r s t  t o  become unsta-  
b l e  and t h e r e  is  no advantage i n  f u r t h e r  increasing,  t he  ga in .  
Hence, 
A t  low values of t he  ga in  M ,  i n s t a b i l i t y  f i r s t  
2 
In  the  range'where the  ( 1 , l )  mode i s  the  f i r s t  t o  become unsta-  
b l e ,  without feedback, a theory based on the  coupling of t he  ( 1 , l )  
and (1,3)  modes gives  the  l i n e  of marginal s t a b i l i t y  (shown i n  
Figure 10) as 
-22- 
is t he  eigenfrequency of t h e  (a,@) mode without feed- 
O v e r s t a b i l i t y  has been found both experimentally and t h e o r e t i c a l l y  
i n  s i t u a t i o n s  s i m i l a r  t o  the  one descr ibed here .  (lo) 
the i n v e s t i g a t i o n s  descr ibed in  t h i s  s e c t i o n  d i d  n o t  uncover an 
However, 
------&-I-'- -:&---+:--* n-nnrnnt1.r m r n c l r l  t ce I ~ E ~ E O  a ~ . r ~ r ~ g ~  
U V C L B L a W L C  J L L U ~ L & U A . .  U ~ ~ U I L - I & L L J  w I L - Y I ~ -  0 
of t h e  su r face  d e f l e c t i o n  (Equation 27) t o  de r ive  the  feedback 
s i g n a l .  By c o n t r a s t ,  the  de f l ec t ions  could be sampled a t  d i s c r e t e  
p o s i t i o n s  t o  provide t h e  sensing s i g n a l s  vi. Although t h i s  can be 
advantageous i n  dea l ing  with s t a t i c  i n s t a b i l i t y  (one has the  
l i b e r t y  of choosing the  sampling poin t  wi th in  a given area)  i t  has 
proved t o  be the  cause of o v e r s t a b i l i t y  i n  previous work. (10 , 11) 
Probably, t h e r e  would be some increase  i n  the s t a b l e  region 
of Figure 9 i f  t h e  feedback ( s t i l l  using four  s t a t i o n s )  incorporated 
one c i r c u l a r  e l e c t r o d e  a t  the  cen te r  and t h r e e  equi-area segments 
around t h e  per iphery.  However, the  i n t e n t  here  i s  t o  demonstrate 
t he  bas i c  cons idera t ions  involved, and n o t  t o  optimize the s y s t e m .  
B. The Experiment With Feedback 
The feedback i s  introduced t o  a l te r  t h e  n a t u r a l  f requencies  
LLuiu I i i L G L f a L . t .  IS t h e  absence D €  V ~ S C Q U S  ~ f f ~ r + c  -A&---", ---I and -c tp,s C l . . < A  :,+A- - n -  
with t h e  type of feedback used  he re ,  these  frequencies  a r e  e i t h e r  
r e a l ,  o r  purely imaginary. Hence, i n  the  s t a b l e  regime, a s inu-  
s o i d a l  v i b r a t i o n  of the resonantor gives  a response on the  feed- 
back loops with resonances a t  the  eigenfrequencies .  This i s  a 
convenient way t o  determine the  e f f e c t  of t h e  feedback. With the  
vo l t age  V = 0 ,  t he  loop gains  are ad jus t ed  t o  some gain A. Then, 
t h e  resonance frequency of a given mode ( the  n a t u r a l  frequency) i s  
V I  
-23- 
followed as the voltage is increased. This makes it possible to 
compare &I..----- c u c u l y  aiiu --A n v m o w -  GAYLL IlllLL.t ma= t h r ~ ~ g h  the ~ ~ r r e l ~ t i n n  of frequency 
shifts as a function of the applied voltage V. Data taken by 
measuring the (1,l) resonance as a function of applied voltage V 
are shown in Figure 11. With no gain (A =0) the frequency squared 
decreases monitonically toward zero, where instability impends. 
With a feedback gain A = A '  the frequency first increases, and 
then decreases as the destabilizing effect of the voltage (pro- 
portional to V ) overtakes the stabilizing effect of the feed- 
back (proportional to V). With A = 2 A ' ,  the increase in frequency 
is still larger, but the peak still occurs at essentially the 
same voltage. The solid curves shown in Figure 11 are predicted 
using a gain A '  = 2.05 x 10 volts/meter. All of the theoretical 
curves have been displaced downward by f = 1.7 to suppress the 
(8%) constant error in the predicted natural frequency (apparent 
in Figure 4 ) .  
been found to be the most practical technique for establishing the 
effective gain A. (In the experiment, there were four loops, each 
having three d-c amplifiers, an r-f oscillator and two r-f ampli- 
fiers so that establishing equal constant gains in each loop was 
difficult . ) 
2 
6 
2 
The closed l oop  measurement of frequency shift has 
An "open-loop" measurement of the high-voltage amplifier 
response to a known electrode potential distribution also provides 
a direct measurement of the gain A.  That is, a perturbation 
potential vd on electrodes (1) and ( 4 )  in Figure ( 8 ) ,  with no 
perturbation potential on electrodes (2) and (3)  establishes (from 
Equation ( 2 9 ) )  that 
vo = 0 
PS 
-24- 
Here, the  low frequency feedback from the  high vol tage ampl i f i e r  
l7 - L /qn\ .e has been disconnected. nence, J L Y U ~ L ~ Z I - ~ ~  bclI. be used  d i r e c t l y  
t o  compute the  r e s u l t i n g  de f l ec t ion  amplitudes. 
11 
0 
- = o  
m n  
e - - = E V R ~ V ~  / u 2 T n 2  mn
mn y n  
( 3 5 )  
Of course ,  it i s  assumed t h a t  t h e  r e s u l t i n g  de f l ec t ions  are s t a t i c  
so  t h a t  LT2  = 0 ,  and t h i s  means t h a t  t he  measurement i s  taken w i t h  
GR s u f f i c i e n t l y  l a rge  t o  insure s t a b i l i t y .  The response of the  
high vol tage  ampl i f i e r  t o  t h i s  d e f l e c t i o n  i s  Equation ( 2 8 ) ,  which 
by v i r t u e  of Equations ( 3 4 )  and (36) shows t h a t  
2 
A = (v . )  ;-v 2 
1 response d i 
where 
(i-l)mTr ) &VR2 a €  mn mn mn 3 m ~  im-rr ( s in  - 2 - s i n  2) ( s i n  - 2 - s i n  2 2 2  
( m n  )2b  
2 2  c =  i T m=o n = l  
mn mn 
Measurement of the  gain,  using open loop measurements of v 
and computed c a l i b r a t i o n  constants  C r e s u l t e d  i n  a value of A '  
i 
i '  
-25- 
about 15% higher  than used f o r  t h e  t h e o r e t i c a l  curves of Figure 11. 
This i s  w e l l  wi th in  the  experimental e r r o r s  involved i n  the  "open- 
loop" measurements, but i s  a s i g n i f i c a n t  e r r o r  when viewed i n  
terms of the closed-loop" measurements. 
.. 
I 1  
V .  Summary and Conclusions 
The ob jec t ive  of t h i s  work has been t o  demonstrate t he  con- 
t r o l  of a f l u i d  i n s t a b i l i t y  by coupling t o  an active e l e c t r o n i c  
network. There are two e s s e n t i a l  cons idera t ions  in t h i s  approach t o  
the s t a b i l i t y  problem. 
the  appropr ia te  motions of the f l u i d  without i n t e r f e r i n g  with the  
equi l ibr ium f l o w .  S igna ls  der ived from t h i s  sensing s i g n a l  
(which i s  i n  general  both a funct ion of space and time) must i n  
tu rn  be used t o  force  the  f l u i d  motions, and t h i s  means t h a t  an 
e x t e r n a l l y  con t ro l l ed  f l u i d  force must be a v a i l a b l e .  
undertaken here  a so lu t ion  t o  each of these  problems has  been 
i l l u s t r a t e d ,  using as an example the  s t a b i l i z a t i o n  of the  Rayleigh- 
Taylor type sur face  i n s t a b i l i t y .  
probes were used t o  sense motions of the  i n t e r f a c e  with a n e g l i g i b l e  
inf luence  on the  motions themselves. An e l e c t r i c  f i e l d  then pro- 
vided a n a t u r a l  means of feeding back a forc ing  func t ion  t o  the  
i n t e r f a c e  i n  proport ion t o  the sensing s i g n a l .  
F i r s t  a means must be provided t o  sense , 
11 I 1  
In  the  work 
Radio-frequency capaci tance 
Sect ions I1 and I11 were devoted t o  e s t a b l i s h i n g  a r e l a t i v e l y  
simple but meaningful quasi-two-dimensional model f o r  the f i e l d -  
coupled sur face  i n s t a b i l i t y .  
p i c t u r e d  i n  terms of a coupling between the  normal modes without 
feedback, i t  w a s  necessary t o  include the  e f f e c t s  of r a d i a l  boun- 
dary condi t ions .  
Since the e f f e c t  of the  feedback w a s  
This made i t  poss ib l e  t o  c o r r e l a t e  theory with 
-26- 
expertments which demonstrated the  eigenmode shape, the  e f f e c t  of 
an equi l ibr ium e l e c t r i c  f i e l d  on t h e  most c r i t i c a l  eigenfrequency, 
and the  e f f e c t  on condi t ions fo r  i n s t a b i l i t y  of boundaries which 
both confined the  f l u i d  and constrained the  motions of the  i n t e r -  
face.  Sect ion I V  then demonstrated how these  eigenmodes were 
coupled by the  feedback t o  increase the  s t a b l e  regime. The 
t h e o r e t i c a l  dependence of the  most c r i t i c a l  eigenfrequency on che 
feedback gain was f i n a l l y  shown experimentally.  Emphasis has 
been placed on the  behaviour of t he  eigenmodes r a t h e r  than the  
regime of s t a b i l i t y .  In  f a c t ,  from Figure 10 
where h i s  t h e  r a t i o  of t h e  l a r g e s t  V cons i s t en t  with s t a b i l i t y  
with feedback t o  the  l a r g e s t  poss ib le  V cons i s t en t  with s t a b i l i t y  
without feedback. That i s  A i s  the  l a r g e s t  poss ib l e  f a c t o r  of 
improvement i n  the  e l e c t r i c  pressure cons i s t en t  with s t a b i l i t y .  
For t h e  air-water resonator  having t h e  dimensions used i n  t h i s  
work, g ( p  - p  ) R  /T  = 49.1  and a = 1.18. E i t h e r  a smaller  
resonator  o r  a two l i q u i d  system would be requi red  t o  demonstrate 
a ' L d L G C L  ----- :---n--ment &.Up&" .._...---- i n  t he  e l e c t r i c  pressure .  
2 
t u 2  2 
I n  a p r a c t i c a l  s i t u a t i o n ,  the equi l ibr ium e l e c t r i c  f i e l d  
can be used t o  l e v i t a t e  o r  o r i e n t  an i s o l a t e d  volume of f l u i d ,  
w i th  the  feedback used t o  insure s t a b i l i t y .  The essence of t he  
sens ing  and d r iv ing  schemes described here  are d i r e c t l y  appl icable  
t o  t h i s  problem, and i t  i s  i n  t h i s  context  thatswork on the 
regime f o r  s t a b i l i t y  w i l l  be repor ted .  
-27 -  
-. i n i s  work has cmsidered the feedback control of an absolute 
i n s t a b i l i t y .  
techniques t o  control a convective i n s t a b i l i t y  (or amplifying wave) 
w i l l  be reported elsewhere. 
Closely re lated work concerning the use o f  similar 
ALnlIun A -'---v.vl  orlom,ants 
This work was supported under NASA Research Grant NsG-368. 
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Appendix 
To show t h a t  modes which s a t i s f y  Equation (17)  and boundary 
condi t ions (18) and (20) a r e  orthogonal i n  the  sense of  Equation 
(21), Equation (17) i s  used t o  write 
A 3 0  
4 2 m 2 4  2 
[D(V vmn-GV vmn)rDv + - (V v mP 1: mn - GV v mn ) v  mp 1 d r  
* I n t e g r a t i n g  the  f i r s t  term on the r i g h t , b y  par t s  and recombining 
the  remaining integrand g i v e s ,  
2 2 2 R R  
= [ r ( ~  vmn- GV ~ ~ ~ ) ~ ~ ~ 1  - (v vmn mp mn mp 4 2 V v  - G V v  V v  ) d r  
'mnp 0 
0 
The f i r s t  t e r m  i s  zero because of Equation (20), while the  f i r s t  
term i n  the  integrand can be expanded and p a r t l y  in t eg ra t ed  by 
p a r t s  t o  ob ta in ,  
-29- 
Appendix 
Again the first term vanishes by virtue of Equation (18). Then, 
the difference :l/ -3 is zero (the remaining integrals are 
symmetrical in n and p) and the desired orthogonality condition 
(Equation 21) follows for u) f o . 
mnp mpn 
mn mP 
-30- 
Table L. 
cies of higher order modes showing the increasing disparity aris- 
ing iiuifi ths fa5Iur.l ef +he long-wave model. Data for the resona- 
tor are given in Figure 4.  
Comparison of theoretical and experimental eigenfrequen- 
3.36  
7.57 
11.1 
16 .5  
2 4 . 0  
3.10 
6 .40  
9 . 1  
12.9 
15.0 i 
, 
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FIGURE CAPTIONS 
Figure 1. Cross-sect ional  and top view of electrohydrodynamic reso-  
n a t o r .  The i n t e r f a c e  between two l i q u i d s  i s  a t t ached  a t  r = R t o  a 
r i g i d  w a l l .  The lower l i q u i d  is h ighly  conducting and bounded from 
below by a r i g i d  highly conducting p l a t e ,  while the upper l i q u i d  
is i n s u l a t i n g  and bounded by a r i g i d  sur face  a t  t he  p o t e n t i a l  
v ( r , Q , t )  - V .  
Figure 2 .  Eigenfrequencies i n  t he  absence of feedback f o r  t he  modes 
(m,n). 
reduces a l l  of the  frequencies t o  the poin t  where they become i m a -  
g inary and i n s t a b i l i t y  impends. 
Figure 3 .  The su r face  d e f l e c t i o n  i n  the  ( 1 , l )  mode. When GR i s  
very l a rge  the eigenfunct ion approaches t h a t  of an ordinary g r a v i t y  
wave. A t  the  poin t  of impending i n s t a b i l i t y  (GR -0) i n e r t i a l  
e f f e c t s  a r e  unimportant and the  mode peaks a t  about a h a l f  r a d i u s .  
For an  a i r -water  i n t e r f a c e  and a r ad ius  R of about 2 cm, GR i s  
about 50, and the  de f l ec t ions  peak midway between the  h a l f  r ad ius  
and the  ou te r  boundary. 
Raising the  p o t e n t i a l  V leads t o  a decrease i n  GR2 which 
2 
2 
2 
Figure 4 .  Experimentally measured eigenfrequencies (0) as a func- 
t i o n  of GR The s o l i d  
l i n e  i s  t h e  t h e o r e t i c a l  r e s u l t  of Sect ion ILLA, R = i . 9 c m ,  u = 8.785 iiii, 
t = 3 mm and the  f l u i d s  are water and a i r .  
2 (var ied by changing the  appl ied  vol tage  V). 
Figure 5.  Comparison of t h e o r e t i c a l  and experimental ( 1 , l )  mode 
e igenfunct ions .  The experimentally determined de f l ec t ions  repre-  
s e n t  averages over approximately the  probe a r e a .  The r e l a t i v e  s i z e  
of t h e  probe i s  shown. 
Figure 6 .  
i n t e r f a c e  spacing u .  The resonator  i s  square ,  and the th ree  theore-  
Voltage V f o r  i n s t a b i l i t y  a s  a funct ion of the  e l ec t rode  
-34- 
FIGURE CAPTIONS 
t i c a l  curves a r e  p red ic t ed  by Equation ( 2 2 ) .  
Figure 7 .  
four  segments. 
n1er1i;s I s  she-,?. 
Figure 8. Top view of e lec t rode  a t  z = u ,  showing the  four  seg- 
ments with connections t o  the  four feedback loops. 
F lu id  su r face  coupled t o  feedback s t r u c t u r e  composed of 
The sensing and dr iv ing  c i r c u i t  f o r  one of the seg- 
Figure 9.  Lowest eigenfrequencies with feedback. 
which cha rac t e r i zes  t h e  magnitude of the  feedback 
3 Here, M = 10 
gain used i n  experi-  
ments described i n  Sect ion IVB. The curves a r e  based on the  coupl- 
ing of  two modes, and d i f f e r  very l i t t l e  from those predic ted  using 
t h e  coupling of t h r e e  modes; (1,1),(3,1) and ( 5 , l ) .  
Figure 10. Regime of s t a b i l i t y  as a funct ion of the  feedback M .  For 
s m a l l  values  of M t h e r e  i s  an  improvement i n  the  e l e c t r i c  pressure  
c o n s i s t e n t  with s t a b i l i t y .  Eventually,  modes t h a t  a r e  uneffected 
by t h e  feedback are uns t ab le ,  and f u r t h e r  increases  i n  M provide 
no improvement i n  the  regime of s t a b i l i t y .  
Figure 11. The lowest eigenfrequency squared as a funct ion of appl ied 
6 voltage 14, TLn A I L L  b u A L A  n g i n  A' = 2 - 0 5  x 10 v/m. The s o l i d  l i n e s  are 
based on a theory using the  coupling of t he  ( l , l) ,  (3,l) and ( 5 , l )  
modes. 
Perfectly Insulating Fluid 
9 1 
Perfect I y Conducting L i q u id 
Figure 1. 
n a t o r .  
r i g i d  w a l l .  
below by a r i g i d  h ighly  conducting p l a t e ,  while the upper l i q u i d  
is  i n s u l a t i n g  and bounded by a r i g i d  surface a t  the  po ten t i a l  
v ( r , 6 , t >  - V. 
Cross-sect ional  and top view of  electrohydrodynamic reso-  
The i n t e r f a c e  between two l i q u i d s  i s  a t t ached  a t  r = R t o  a 
The lower l i q u i d  i s  h igh ly  conducting and bounded from 
-30 -20 -10 0 IO 20 30 40 50 GR 2 - 
Figure 2 .  Eigenfrequencies i n  the absence of feedback f o r  the modes 
(m,n). Rais ing the p o t e n t i a l  V leads t o  a decrease i n  GR 2 which 
reduces a l l  of t he  frequencies  to  the  poin t  where they become i m a -  
g ina ry  and i n s t a b i l i t y  impends. 
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Figure  6 .  Voltage V f o r  i n s t a b i l i t y  a s  a funct ion of the  e l ec t rode  
i n t e r f a c e  spacing u. The r e s o n a t o r  i s  square ,  and the  th ree  theore- 
i c a l  curves are p red ic t ed  by Equation ( 2 2 ) .  
Lead Compensation High Voltage d-c 
And Gain Control Amplifier 
Figure  7 .  F lu id  su r face  coupled t o  feedback s t r u c t u r e  composed of 
' four  segments. 
ments i s  shown. 
The sensing and d r iv ing  c i r c u i t  f o r  one of the  seg- 
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Figure 10. Regime of s t a b i l i t y  a s  a func t ion  of the feedback M .  
s m a l l  va lues  of M t h e r e  i s  an improvement i n  the  e lec t r ic  prcssure 
c o n s i s t e n t  with s t a b i l i t y .  
by t h e  feedback are uns t ab le ,  and f u r t h e r  increases  i n  M provide 
no improvement i n  the  regime of s t a b i l i t y .  
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Eventually,  modes t h a t  are uneffected 
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